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Abstract 
The main purpose of this note is to answer a question of Handelman on right self-injective, 
directly finite, von Neumann regular rings. He asked if such a ring R is determined up to 
isomorphism by the Boolean space Spec B (R), where B(R) is the boolean algebra of central 
idempotents of R, and the factor rings R/Z,, for x E Spec B( R) and I, the unique maximal ideal 
of R containing x. The answer is “no”, even for commutative self-injective rings. An example is 
constructed using the complete ring of quotients of two rings of sections of simple Pierce 
sheaves over an extremally disconnected space. 
1. Preliminaries 
One of the most frequently used tools in the study of commutative regular rings is 
the Pierce sheaf (developed in [6]). A natural question is: To what extent is a com- 
mutative regular ring R determined by the base space of the sheaf, Spec R, and its 
stalks? The subject is a major topic in Carson’s [6], where the case of rings whose 
stalks are algebraic over their prime fields is examined. (The more special case of finite 
stalks is looked at in [3].) D. Handelman in [8, Open Problems # 221 asked a related 
question, which reduces to the above for commutative self-injective regular rings: Is 
a left self-injective directly finite regular ring R completely determined by Spec B( R) 
and its simple factor rings? The aim of this note is to construct examples which answer 
Handelman’s question in the negative, even for commutative regular rings. 
Throughout all rings will be assumed commutative and “regular” will mean “von 
Neuman regular”. For a regular ring R, B(R) is its Boolean algebra of idempotents 
and SpecB(R) is the corresponding Sone space (which is the same as Spec R in this 
case). The maximal ring of quotients of R, Q(R), is in the sense of Lambek [lo] and 
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can be viewed as an order completion [4]. It can also be constructed using partial 
sections of the Pierce sheaf (a rewording of the results of [l] in the regular case). For 
a regular ring R, B( Q( R)) is the completion of B(R) [S, Definition 2 and following 
remarks]; in particular, if B(R) is complete, B(R) = B(Q(R)). 
The basic facts about the Pierce sheaf were developed in [ 111. Every (regular) ring is 
the ring of sections of its Pierce sheaf (X, W), where X = Spec B( R) and the stalks are 
the fields R, = R/Rx, x E X. If I E R is viewed as a section of its Pierce sheaf, then for 
x E Spec B( R), the value of the section r at x is denoted r, or (I),. The topology of the 
espace &tale, 9, depends on the arithmetic of R. To what extent do the space X and the 
stalks over the points of X determine the Pierce sheaves which can be constructed 
from them? We examine an aspect of this question. 
The following proposition is a stronger form of what will be needed in the main 
result. It shows that the stalks of a self-injective regular ring are “usually” uncount- 
able, if they are infinite. 
Proposition 1.1. Let Q be a self-injective regular ring all of whose Pierce stalks are 
infinite. For some x E X = Spec Q, suppose that there is a countably infinite collection 
{ Ni}N of pairwise disjoint clopen sets in X\{ x} so that x E UN NC. Then the Pierce stalk 
Qx is of cardinality at least 2’“. 
Proof. We start with a lemma. 
Lemma 1.2. Let R be a regular ring all of whose Pierce stalks are infinite. For any 
idempotent 0 # e, let N, be its support in Spec R. Then there is an infinite sequence (r-t, 
rz, . . . ) of elements of Re with the following properties: 
(i) for y E N,, (ri),, # 0, for all i E N, and 
(ii) for i # j in N, (ri),, # (rj)Y, for all y E N,. 
Proof. We can start with r1 = e. Suppose we have elements rl, r2, . . . , r, which satisfy 
both conditions. For each y E N, there is some s(y) E R so that 0 # s(y), # (ri),, for 
i= 1 . . . , n. Now {u E N, IO # s(y)” # (ri),,, for all i = 1, . . . , n} is a clopen set [l 1, 
Lemma 4.31. This allows us to use the compactness of N, to build the next element in 
the sequence. 0 
We now return to the proof of the proposition. Using the assumptions on x, we find 
a collection { Ni}N as in the statement of the proposition. 
Because of the self-injectivity of Q, any partial section on an open set can be 
extended to a global section (element of Q). For each Ni, a sequence of elements is 
chosen which satisfies the two conditions of the lemma, { ri,i, ri.2, . . . >. A set of partial 
section of V = UN Ni is now defined: for each sequence D of natural numbers, we have 
asequencer, = (rr.oCr),r~,~C~), . . . }, and we build from it a partial section S(t,) on V, 
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where S(r,)(y) = (Ti,a(i))y when y E Ni. Now take a collection C of sequences of 
natural numbers so that 
(i) E is of cardinality 2’” and 
(ii) if (r # 0’ E C, c and g’ differ on all but finitely many places. 
The resultant collection of partial sections, T = { S( 2,) 1 o E E}, will yield what is 
required. Indeed, for each S(r,) E T let q(rb) E Q be an extension of S( r,) to a global 
section. By choice of the elements of T, any two elements, q(rb) and q(rbl) with 0 # cr’, 
differ on a non-empty clopen set, and so are distinct elements of Q. Further, their 
difference is non-zero everywhere on Ni, for all but finitely many i E N. Moreover, any 
neighbourhood of x will meet infinitely many of the Ni. Hence the elements which 
have been constructed remain distinct modulo Qx, since a difference of two of them 
cannot be zero on a neighbourhood of x. 0 
2. Answer to the question of Handelman 
Theorem 2.1. There exist two self-injective regular rings QI and Qz such that (1) 
WQ,) g B(Q,), (2) th ere is aPeEd E so that all the stalks of Q1 and all those of Qz are 
isomorphic to E, and (3) Q1 $Qz. 
Proof. Recall that in each characteristic and for each cardinal K > Ke, there is, up to 
isomorphism, exactly one algebraically closed field of cardinality JC (e.g., [2, p. 131, 
remark after Corollary 8.73). 
In what follows we fix a characteristic, which may be 0 or any prime p. Let F be an 
algebraic closure of the prime field P and K an algebraic closure of P(t), for 
a transcendental element . The constructions of the two rings will be identical, one 
using F and the other K. Take X to be the extremally disconnected Boolean space 
which is the Gleason cover of the Cantor space 2K0 [S], or, alternatively, X is the Stone 
space of the completion of the free Boolean algebra on countably many generators 
(e.g., [13, 14.33). For a field L, let C(X,L) be the ring of continuous functions from 
X into the discrete field L. This ring is also the ring of sections of the simple Pierce 
sheaf over X with staIks all L [ll, Definition 11.21. The two rings, Qi, and Q2, will be 
constructed as follows: Put R1 = C(X,F) and Rz = C(X,K) and then Q1 = Q(R1) 
and QZ = Q(Rd. 
Some useful facts are now listed. 
Fact 1. [12, Proposition 3.93. The complete ring of quotients of an algebraically closed 
ring is algebraically closed. If R is an algebraically closed regular ring so are each of its 
Pierce stalks, and conversely, ifB(R) is complete [2, Proposition 2.71. In particular, the 
rings RI, Rz, Q1 and Qz are all algebraically closed. 
Fact 2. The cardinality of the complete ring of quotients Q(R) of a regular ring R of 
cardinality tc is at most 2”. 
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Proof. This follows from the fact that the complete ring of quotients is an order 
completion [4, Theorem 141 and so each element of Q(R) can be associated with 
a subset of R. 0 
Fact. 3 [13, 156, Example H]. If a Boolean algebra satisfies the u-chain condition, so 
does its completion. In particular, the Boolean algebra associated with X (which is also 
B( Q1) and B( Qz)) satisfies the countable chain condition since the free Boolean algebra 
does (e.g., [9, Corollary 9.181. 
Fact 4. Let R be a regular ring with complete ring of quotients Q and suppose that 
B(R) = B(Q) (as in our rings). Put X = Spec B( R). Thenfor any q E Q, there is a dense 
open set U E X so that qx E R, for all x E U. (If 0 # q E Q then there is e E B(R) so that 
0 # eq E R. Then U can be taken to be the union of the supports of all such e.) 
Lemma 2.2. Let X be as above and let L be a countable algebraically closedfield. Set 
R = C(X, L). Then each stalk of Q = Q(R) is the unique algebraically closed field of 
cardinulity 2’0 of the same characteristic as L. 
Proof. The Boolean algebra B(R) = B(Q) satisfies the countable chain condition by 
Fact 3. This means that the space X, which has no isolated points, has the property 
that every x E X satisfies the condition in Proposition 1.1. Hence each stalk of Q has 
cardinality at least 2Ko. 
We next use Fact 2 to observe that Q is of cardinality at most 2K”. To do this, 
consider the Cantor space Y = 2No and the Gleason projective cover p : X + Y. These 
yield an inclusion S = C( Y, L) E R. Moreover, R is a ring of quotients of S since each 
e E B(R) is the supremum of a set of idempotents in B(S). From this, for 0 # r E R 
there is f E B(S) with 0 # fr E S. Thus, Q(R) = Q(S). However, by Stone duality, 
Y corresponds to a countable Boolean algebra (namely the free Boolean algebra on 
countably many generators) and so there are only countably many partitions of 
Y into (finitely many) clopen sets. This means that S = C( Y, L) is also countable. 
Now Fact 2 applies. Hence Qx is of cardinality 2Ko, for all x E X. By Fact 1, Qx is also 
algebraically closed. [7 
The lemma applies to both Q1 and Qz. In order to complete the proof of the 
theorem, it remains to be shown that Q1 $Qz. The constant section t in Qz is nowhere 
algebraic over P while every element of Qi has values in F, the algebraic closure of P, 
over a dense open subset of X, by Fact 4. 0 
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